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Abstract. The asymptotic behavior of the heat kernel of a Riemann- 
ian manifold gives rise to the classical concepts of parabolicity, sto- 
chastic completeness (or conservative property) and Feller property (or 
C°-diffusion property). Both parabolicity and stochastic completeness 
have been the subject of a systematic study which led to discovering not 
only sharp geometric conditions for their validity but also an incredible 
rich family of tools, techniques and equivalent concepts ranging from 
maximum principles at infinity, function theoretic tests (Khas'minskii 
criterion), comparison techniques etc... The present paper aims to move 
a number of steps forward in the development of a similar apparatus for 
the Feller property. 



1. Introduction 

This paper is a contribution to the theory of Riemannian manifolds satis- 
fying the Feller (or Co-diffusion) property for the Laplace-Beltrami operator. 
Since the appearence of the beautiful, fundamental paper by R. Azencott, 
[2J, new insights into such a theory (for the Laplace operator) are mainly 
confined into some works by ST. Yau, [23], J. Dodziuk, [8], P. Li and L. 
Karp, [17], E. Hsu, p3], [H], E.B. Davies, [7]. These papers, which have 
been extended to more general classes of diffusion operators (see e.g. [25] . 
[16] ) are devoted to the search of optimal geometric conditions for a manifold 
to enjoy the Feller property. In fact, with the only exception of Davies', the 
geometric conditions are always subsumed to Ricci curvature lower bounds. 
The methods employed to reach their results range from estimates of so- 
lutions of parabolic equations (Dodziuk, Yau, Li-Karp) up to estimates of 
the probability of the Brownian motion on M to be found in certain regions 
before a fixed time (Hsu). The probabilistic approach, which led to the best 
known condition on the Ricci tensor, relies on a result by Azencott (see also 
|14j ) according to which M is Feller if and only if, for every compact se K 
and for every to > 0, the Brownian motion X t of M issuing from xq enters 
K before the time to with a probability that tends to zero as xq —¥ oo. 

Our point of view will be completely deterministic and, although parabolic 
equations will play a key role in a number of crucial sections, it will most 
often depend on elliptic equation theory. 
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Beside, and closely related, to the Feller property one has the notions 
of parabolicity and stochastic completeness. Recall that M is said to be 
parabolic if every bounded above subharmonic function must be constant. 
Equivalently, the (negative definite) Laplace-Beltrami operator A of M does 
not possesses a minimal, positive Green kernel. From the probabilistic view- 
point, M is parabolic if the Brownian motion Xt enters infinitely many times 
a fixed compact set, with positive probability (recurrence). We also recall 
that M is conservative or stochastically complete if, for some (hence any) 
constant A > 0, every bounded, positive A-subharmonic function on M must 
be identically equal to 0. Here, A-subharmonic means that Au > Xu. Equiv- 
alently, M has the conservative property if the heat kernel of M has mass 
identically equal to 1. From the probabilistic viewpoint stochastic complete- 
ness means that, with probability 1, the Brownian paths do not explode to 
oo in a finite time. Clearly a parabolic manifold is stochastically complete. 

Both parabolicity and stochastic completeness have been the subject of 
a systematic study which led to discovering not only sharp geometric con- 
ditions for their validity (in fact, volume growth conditions) but also an 
incredible rich family of tools, techniques and equivalent concepts ranging 
from maximum principles at infinity, function theoretic tests (Khas'minskii 
criterion), comparison techniques etc... The interested reader can consult 
e.g. the excellent survey paper by A. Grigor'yan, [IT] . See also [20], [21] for 
the maximum principle perspective. 

The present paper aims to move a number of steps forward in the devel- 
opment of a similar apparatus for the Feller property. Originally we also 
thought we would adopt an elliptic point of view. While, in many instances, 
this proves to be the most effective approach (for instance, in obtaining com- 
parison results, or in the treatment of ends), in some cases it is not clear 
how to implement it, and we have to resort to the parabolic point of view 
(for instance studying minimal surfaces, or Riemannian coverings). 

To make the treatment more readable, we decide to include the proofs of 
some of the basic results that are crucial in the development of the theory. 
Sometimes, we shall use a somewhat different perspective and more straight- 
forward arguments. In fact, our attempt is to use a geometric slant from the 
beginning of the theory, most notably in interpreting the one dimensional 
case in terms of model manifolds. 

2. Heat semigroup and the Feller property 

Hereafter, (M, ( , )) will always denote a connected, non-necessarily com- 
plete Riemannian manifold of dimension dim M = m and without boundary. 
Further requirements on M will be specified when needed. The (negative 
definite) Laplace-Beltrami operator of M is denoted by A. With this sign 
convention, if M = R, then A = d 2 /dx 2 . Recall from the fundamental work 
by J. Dodziuk, [8], that M possesses a positive, minimal heat kernel pt (x, y), 
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i.e., the minimal, positive solution of the problem 

(2.1) Apt = ^ 

[ Po+ (x,y) = &y (x) . 

Minimality means that if qt (x, y) is a second, positive solution of (|2.ip . then 
Pt (x,y) < q t (x,y). According to Dodziuk construction, p t (x,y) is obtained 
as 

Pt (x, y) = lim p? n (x, y) , 

n— >+oo 

where, having fixed any smooth, relatively compact exhaustion £l n /* M, 
p^ n (x, y) is the solution of the Dirichlet boundary value problem 

= ^ on n n 

pf n (x, y) = 0, if x G dVt n or y € dVt n 
, Po+ (x, y) = 5 y (x) . 
The following properties hold: 

(a) pt (x, y) > is a symmetric function of x and y. 

(b) f M p t (x, z) p s (z, y) dz = p t+s (x, y), Vt, s > 0, and Vx,y € M 

(c) J M Pt (x, y) dy < 1, > and Vx G M. 

(d) For every bounded continuous function u on M set 



P t u{x) = I p t (x, y) u (y) dy, 

JM 

then Ptu{x) satisfies the heat equation on M x (0, +oo). Moreover, 
by (b) and (c), Pt extends to a contraction semigroup on every LP ', 
called the heat semigroup of M. 
From the probabilistic viewpoint, pt (x, y) represents the transition prob- 
ability density of the Brownian motion Xt of M. In this respect, property 
(c) stated above means that Xt is, in general, sub-Markovian. In case the 
equality sign holds for some (hence any) t > and x G M we say that M is 
stochastically complete. 

Set Co (M) = {u : M — > M continuous : n (x) — > 0, as x — >• oo} . 

Definition 2.1. T/ie Riemannian manifold (M, (,)) is said to satisfies the 
Co-diffusion property or, equivalently, it satisfies the Feller property, if 

(2.2) Ptu{x) -> 0, as x ->• +oo 

/or every u £ Co (M) . 

Using property (c) of the heat kernel and a cut-off argument one can 
easily prove the following 

Lemma 2.2. Assume that M is geodesically complete. Then M is Feller if 
and only if \2. ty) holds for every non-negative function u £ C c (M). 
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Proof. Indeed, suppose that (|2.2h holds for every < u € C C (M). Let 
v € Co (M) and define u± (a;) = max{0, ±v (x)} G Co (M) so that u (x) = 
w + (x) — w_ (x). For every i? > 0, fix a cut off function < £r < 1 satisfying 
£r = 1 on B R (o), and ^ = on M\B 2 r. Then, 

(P t v±) (x) = (P t (tRV±))(x) + (P t ((1 - tn)v±))(x) 

< {Pt (£rv±))(x) + sup v±. 

M\B R (o) 

Since < £rv± € C c (M), letting x — > oo, we deduce 

lim (Ptv±)(x) < sup v±. 

x ^°° M\B R (o) 

Since this inequality holds for every R > 0, letting it! — > +oo we conclude 

lim (P t v±)(x) = 

The converse is obvious. □ 

As a trivial consequence of Lemma \2.2\ we point out the following inter- 
esting characterization. 

Corollary 2.3. The geodesically complete manifold M is Feller if and only 
if, for some p G M and for every R > 0, 



/ pt (x, y) dy — > 0, as x — > +oo. 



3. Elliptic exterior boundary value problems and the Feller 

property 

This section is crucial for the development of most parts of the paper. As 
we will recall below, following Azencott, the Feller property can be charac- 
terized in terms of asymptotic properties of solutions of exterior boundary 
value problems. In this direction, a basic step is represented by the following 

Theorem 3.1. Let Q CC M be a smooth open set and let q : M — > M be a 
smooth function, q(x) > 0. Then, the problem 

{Ah = q (x) h on M\0 
h = 1 on dtt 
h > on M\0, 

has a (unique) minimal smooth solution h : M\Q —> R. Necessarily, < 
h(x) < 1. Furthermore, h is given by 

(3.2) h (x) = lim h n (x) , 

n— >-\-oo 

where, for any chosen relatively compact, smooth exhaustion Q n /* M with 
O CC Qi, h n is the solution of the boundary value problem 

Ah n = q (x) h n on f2 n \0 

(3.3) \ h n = 1 on dtl 

h n = on dVL n . 
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Proof. Indeed, the sequence h n is increasing and < h n < 1 in O n \ Q by 
the maximum principle. By standard arguments, h n together with all its 
derivatives converges, locally uniformly in M\£l, to a solution of (|3.2|) . If h 
is another solution of (|3.'2|) . then, again by the maximum principle h n < h 
on £l n \ CI, and passing to the limit h < h, showing that h is minimal. □ 

The following result, originally due to Azencott, builds up the bridge be- 
tween the parabolic and the elliptic viewpoints. For the sake of completeness 
we provide a direct proof. 

Theorem 3.2. The following are equivalent: 

(1) M is Feller. 

(2) For some (hence any) open set O CC M with smooth boundary 
and for some (hence any) constant A > 0, the minimal solution 
h : M\fl -4 R of the problem 

{Ah = Xh on M\Q 
h = 1 on dfl 
h > on M\n, 

satisfies 

(3.5) h (x) — > 0, as x — > oo. 

Proof. Assume that M is Feller, so that the heat semigroup Pj maps Cq{M) 
into itself. Let £1 be a relatively compact open set with smooth boundary 
and let A > 0. We choose a continuous function u > with support contained 
in and let ut = Ptu(x) be the solution of the heat equation with initial 
data u, so that ut > on M by the parabolic maximum principle. Next set 

/•oo 

w(x) = / u t (x)e~ xt dt. 
Jo 

Note that since Pt is contractive on L°° the integral is well defined. More- 
over, w(x) — > as x — > oo. Indeed, it suffices to show that w(x n ) — > for 
every sequence x n — > oo. Since M is assumed to be Feller, for every t > 0, 
ut(x n ) — > as n —> oo, and the required conclusion follows by dominated 
convergence. 

Differentiating under the integral we obtain 

f+oo /• foe 

Aw(x) = / e- xt Au t = / e- xt d t u t 
Jo Jo 

r+oo 

= —u(x) + / Xe~ xt ut = —u(x) + Xw(x), 
Jo 

so that w satisfies 

Aw < Xw in M \ 9,. 

Since C = inigQW > 0, v = C~ 1 w > 1 on <9f2, v(x) — > as x — > oo. It 
follows that if /i n is a sequence as in Theorem 13.11 1 = h n < v on <9$7, and 
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= h n < v on d£l n , so h n < v on S7 n \ 0,, and passing to the limit < h < v 
on M \ f2. Since u tends to zero as x — > oo. 

For the converse, assume that for a given relatively compact open set f2 
and A > 0, the minimal solution h of (13. 4j) satisfies — > as x — > oo. 
As noted above, in order to verify that M is Feller it suffices to show that 
Pt maps non- negative compactly supported functions into Cq{M). So let 
u be such a function. We consider an exhaustion Q, n of M with relatively 
compact domains with smooth boundary such that VL U suppn CC Hi, and 
let p^ n be the Dirichlet heat kernel of Q. n , p t n (x, y) /~ pt(x, y), and therefore 
Un,t = P^u /* ut = Ptu. Moreover, since p^ n vanishes if either x or y lie 
on dQ n Unj = on d£l n x [0, +oo), and since the initial datum vanishes 
outside Oi, for every n > 1, u n fi = in Q^, \ Q%. 

Now we fix t > 0. Since h is strictly positive on M \ O, there exists 
a constant C such that Ch(x) > u s (x) > u n:S (x) for every x € <9$7i and 
s € [0, t]. It follows that the function vt = Ch(x)e xt is a solution of the heat 
equation onM\Q which satisfies v s > u n ^ s on (f] n \J7i) x {0} L)d(il. n x 
[0, t]. By the parabolic maximum principle vt{x) > u n< t{x) in f2 n \ S7i , and, 
letting n — )■ oo, itt(x) < Ce Xx h(x). Since h(x) — >• as x — >• oo we conclude 
that so does ut, as required. □ 

Remark 3.3. It is worth pointing out that the elliptic characterization of 
the Feller property involves the minimal solution to problem {3.$ and not a 
generic solution. In fact, even on Feller manifolds, there could exist infin- 
itely many positive solutions which are asymptotically non-zero. This fact 
is easily verified on a model manifold, and will be seen in Section [5l On 
the other hand we will see in Section that on a stochastically complete 
manifold the minimal solution is the only one bounded positive solution. 

4. Feller property on rotationally symmetric manifolds 
We recall the following 

Definition 4.1. Let g : ]R — > K be a smooth, odd function satisfying g' (0) = 
1, g (r) > for r > 0. A (complete, non-compact) model manifold with 
warping function g is the m- dimensional Riemannian manifold 

(4.1) M™ = ([0, +oo) x S m -\ dr 2 + g (r) 2 dO 2 ^ 

where d6 2 stands for the standard metric on the [m — 1)- dimensional sphere 
gm-l_ py e re j er i tfoe or igi n g M g as the pole of the model. The r- 
coordinate in the polar decomposition of the metric represents the distance 
from o. 

It is well known that necessary and sufficient conditions for M™ to be 
parabolic or stochastically complete are expressed in terms of the solely 
warped function g; see e.g. |11| and references therein. More precisely, the 
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model manifold M™ is parabolic if and only if 

- i l 1 (+c 



9 

1 



-oo 



9" 

whereas M™ is stochastically complete if and only if 

fo9 m - 1 (t)dt 



tL 1 



-oo 



g m-l ( r ) 

This section aims to provide a similar characterization for the validity of the 
Feller property on M™, thus completing the picture. 

The next result will enable us to use model manifolds as test and com- 
parison spaces for the validity of the Feller property. 

Theorem 4.2. Let M™ be an to- dimensional model manifold with warping 
function g. Let q{r{x)) > be a smooth, rotationally symmetric function. 
Let h be the minimal solution of the problem 

( Ah = q{r)h on M g \B Ro 

(4.2) I h = 1 on dB Ro 

{ h>0 onMgXB^, 

where B Ro is the metric ball of radius Rq > 0, centered at the pole of M g . 
Then h is rotationally symmetric. 

Proof. Let R n be an increasing sequence with R\ > Rq, and for every n let 
h n be the solution of the problem 

Ah n = q(r(x))h n on B Rn \ B Ro 

(4.3) On = lon dB Ro 

h n = on dB Rn , 

so that h = \\m n h n . By the maximum principle, the solution to (|4.3p is 
unique, and since coefficients and boundary data are rotationally symmetric, 
so is h n . Passing to the limit we conclude that h is rotationally symmetric. 

□ 

Combining Theorem 13.21 with Theorem 14.21 and recalling that the Lapla- 
cian of a radial function u (r (x)) on M™ is given by 

Au = u" + (m — 1) —vf, 
9 

we immediately deduce the following important 

Corollary 4.3. Let M™ be an m- dimensional model manifold with warping 
function g. Then M™ is Feller if and only if, for some (hence any) Ro > 0, 
the minimal solution of the following o.d.e. problem 

(4.4) 



' a' 

h" + (to - 1) —h! = \h, on [Ro, +oo) 

9 



h {R ) = 1 
h (r) > on [R , +oo) 
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satisfies 

(4.5) lim h (r) = 0. 

r— >+oo 

In his fundamental paper, [2], Azencott gave necessary and sufficient con- 
ditions for a I-dimensional diffusion to satisfy the Feller property. These 
conditions concern with the coefficients of the corresponding diffusion op- 
erator. On the other hand, in Corollary 14.31 we showed that the Feller 
property on a model manifold M™ can be reduced to that of a special 1- 
dimensional diffusion. Therefore, we are able to give the following geometric 
interpretation of Azencott result. 

Theorem 4.4. Let M™ be an m- dimensional model manifold with warping 
function g. Then M™ is Feller if and only if either 

(4.6) l —r^ e L 1 (+oo) 

v ' g m ^ (r) v ; 

or 

(4.7) 

1 f +°° a m-l ( t ) M 

M -g^TJrj * Ll (+°°) and W " g li (r) i Ll (+°°) • 

Remark 4.5. In case g m ~ 1 ^ L 1 (+oo) condition fl^. 7| ) (ii) has to be un- 
derstood as trivially satisfied. 

For the sake of completeness, we include a proof of Theorem 14.41 which is 
clearly modeled on Azencott arguments but it is somewhat more direct. 



Proof. Assume first the validity of (14. 6ft . For every n € N, consider the 
function 

and note that u n (r) = G n (r) /G n (1) solves the Dirichlet problem 

C Au n = on B n (0) \Si (0) 

(4.9) < u n = 1 on dB x (0) 

{ u n = on 3B n (0) . 

Let A > be fixed and let h n (r) be the (rotationally symmetric) solution of 

( Ah n = Xh n on B n (0) \Bi (0) 

(4.10) I h = 1 on &Bi (0) 
1^/1 = on dB n . 

By the maximum principle 

(4.11) h n (r) < u n (r) , on B n (0) \Bt (0) . 

Letting n — > +oo we deduce that the minimal, positive solution h (r) of 

Ah = Xh on M™\#i (0) 
h = 1 on &Bi (0) 



(4.12) 
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satisfies 



(4.13) MO<ej( -^dt, 

"+°° 



with c = Ji °° g 1 m (t) dt > 0. It follows that h (r) — > as r — > +oo proving 



that M™ is Feller. 



Suppose now that conditions (14. 7p (i) and (ii) are met and, as above, let 
h be the minimal positive solution of (|4.12p . Explicitly, this means that 
h(r) > satisfies 

( s f (s™- 1 ^')' = Ag™- 1 ^ on (l,+oo) 

l4 ' i4j I /»(!) = !. 

Note that, in particular, g m ~ l h! is increasing. On the other hand, by Lemma 
15.21 of the previous section, h' (r) < on (1, +oo) and, therefore, 

(4.15) g m ~ x (r) ti (r) -> b < 0, as r -> +oo. 

We claim that, in fact, 6 = 0. Indeed, suppose the contrary. Then, hav- 
ing fixed e > satisfying b + e < 0, we can choose ro >> 1 such that 
—g m ~ l {r)h'(r) > — (b + e) > 0, on [ro,+oo). Whence, integrating on 
[r , +oo] yields 

(4.16) h(r ) > - lim h(r) + h(r ) > - (6 + e) / ——^dt, 



(<) 



which contradicts (|4.7p (i). This proves the claim. Keeping in mind this 
fact, we now integrate (|4.14p on [r, +oo) and we get 

/+oo 
g m - x {t)h{t)dt 

+oo 



r+oo 

> A lim h (t) / (t) dt. 



Accordingly, if g ,m_1 ^ L 1 (+oo) we necessarily have linu,_!. +00 /i (t) = and 
M™ is Feller. On the other hand, if g 771 ^ 1 € L 1 {+oo) , integrating (|4.17p 
once more we deduce 

(4.18) h(l) > - lim hit) +h(l) 

t— 5-+0O 

+00 r+oc m _! , tt 

> A lim /» (t) / ^ = ; \ ; dr. 

Because of (14. 7j) (ii), this latter forces lim i _ i . +00 h (t) = and MI™ is again 
Feller. 

Conversely, we now suppose that the model M™ is Feller, we assume that 
condition (|4.6p is not satisfied and we prove the validity of (|4.7p (ii). If 
gin— l ^ j \ (+oo) then there is nothing to prove. Otherwise, we note that, 
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as above, g m ~ l (r) h! (r) — > 0, as r — > +00. Therefore, according to the first 
line in (I4.17p . we have 

-g m ^(r)h'(r) = X / g m ~ l (t)h{t)dt 

J r 

r+OO 

< Xh (r) / g m - 1 (t) dt. 

J r 

and integrating this latter on [l,+oo] finally gives 

r i h (\<rx f + °° Ir° 9 m - X {t)dt j 

+ °° = ~ r h+oo bg k (r) " A J 1 gm-1 ( r ) ^ 

as desired. □ 
Recall that, on M™, 

(4.19) vol(dB r ) = c m g m - 1 (r) 

where c m is the volume of the Euclidean unit sphere S m_1 . In particular, 
by the co-area formula, 

r+oo 

(4.20) vol (M™) - vol (B r ) = c m g m ~ l (t) dt. 

J r 

Therefore Theorem 14.41 can be restated more geometrically by saying that 
M™ is Feller if either 

< 4 - 21 > ^uky € Ll (+00) 

or 

( a ) i \ i Ll (+°°) and 

(A 99^ vo1 ( dB r) 

From these considerations we deduce, in particular, the validity of the 
next 

Corollary 4.6. Every model manifold M™ with infinite volume has the 
Feller property. 

Remark 4.7. We have already recalled that a necessary and sufficient con- 
dition for M g to be non-parabolic is that g l ~ m € L 1 (+oo) . In fact, if o 
denotes the pole of M g , then the function 



G fx, 6] :- 



dt 



is the Green kernel with pole o of the Laplace- Beltrami operator of M g . In 
passing, note also that G(x,o) — > as x — > oo. According to Theorem \4-4l 
a non-parabolic model M g is Feller. Since parabolicity implies stochastic 
completeness, we immediately deduce that a stochastically incomplete model 
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is Feller. On the other hand, neither parabolicity, nor, a fortiori, stochastic 
completeness imply the Feller property. This is shown in the next example. 

Example 4.8. Having fixed f3 > 2 and a > 0, let g (t) : R — > R be any 
smooth, positive, odd function satisfying g' (0) = 1 and g (r) = exp (-ar' 3 ) 
for r > 10. Then, 

(4.23) — — = exp (ar?) 4. L 1 (+oo) . 
g(r) V J 

Moreover, 

(4.24) ir^dt ^ ^ g l1 



With this preparation, consider the 2- dimensional model Mg. As observed 
above, by i4-23\ ) Mg is parabolic. On the other hand, according to Theorem 
\4-4\ condition j4-24\ ) implies that Mg is not Feller. 

5. MONOTONICITY PROPERTIES AND NON-UNIQUENESS OF BOUNDED 
SOLUTIONS OF THE EXTERIOR PROBLEM 

In Theorem 14.41 we were able to characterize the validity of the Feller 
property on a model manifold in terms of minimal solutions h of the o.d.e. 
problem (14. 4p . namely 



(S3D 



q' 

h" + (m - 1) -h' = Xh, on [R , +oo) 
h (Ro) = 1 

h(r) > on [Ro, +oo), 



It should be noted that h enjoys interesting monotonicity properties. First 
of all, we point out the following 

Lemma 5.1. Let Ro,X > 0, m € N and let g : [i?o,+oo) — >■ (0,+oo) be a 
smooth function. Assume that u : [i?o,+oo) — > [0, +oo) is a non-negative 
solution of the inequality 

a' 

(5.1) u" + (m - 1) — vl > An. 

9 

Suppose u' (Ri) > for some R\ > Ro- Then u' (r) > for every r > R\. 
Proof. Write inequality (|5.ip in the form 

5.2 {y > > An. 

g m 1 

Therefore, integrating on [i?i,r] gives 

( 5 - 3 ) u ( r ) ^ gm -i (r) ^ °= 

as claimed. □ 



12 
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Actually, much more can be said if we impose some further condition on 
the coefficient g. Namely, we have the following 

Lemma 5.2. Assume that l/g m ~ 1 ^ L 1 (+00) . Let h be the minimal (bounded 
is enough) solution of {4-4\l - Then h (r) is a strictly decreasing function. 

We are going to prove (a more general version of) this result by using 
the point of view of potential theory on model manifolds. We need to recall 
the following characterization of parabolicity due to L.V. Ahlfors (see pQ 
Theorem 6.C. See also [22] Theorem 4). 

Theorem 5.3. A Riemannian manifold (M, (,}) of dimension m > 2 is 
parabolic if and only if given a open set G C M and a bounded above solution 
f of Af >Q onG it holds 

(5.4) sup/ < sup/. 

G dG 

In particular, if we assume that G = M\Q for some £1 CC M, it turns 
out that the function 

(5.5) r — >supf, Vr >> 1, 

dB r 

is decreasing. Since the minimal solution h of the problem 

( Ah = Xh on M\0 
([S3D I ft = 1 on 30 

[ h > on M\tt, 

must satisfy < h < 1, we obtain the following conclusion. 

Lemma 5.4. Let (M, (,)) be a complete, parabolic manifold and CC M. 
Let h : M\fi — > R be the minimal solution of problem \3.4\ )- Then, sup dBr h 
is a decreasing function of r » 1 . 

Since for the model manifold M™ the condition <? 1_m ^ L 1 (+00) is equiv- 
alent to parabolicity and since the minimal solution h of (|4.4p is nothing but 
the the minimal solution of (j3.4|) on M™, the (weak) monotonicity property 
asserted in Lemma 15.21 immediately follows from Lemma 15.41 In order to 
conclude that, in fact, h is strictly decreasing, suppose by contradiction that 
h' (R\) > for some R\ > Ro. Then, by Lemma 15.11 h' (r) > for every 
r > R\. On the other hand, we have just proved that h' < 0. Therefore 
h(r) = h (Ri) for every r > R\ which is clearly impossible. 

We conclude this section showing that even on Feller manifolds, there 
could exist infinitely many positive solutions which are asymptotically non- 
zero. 

Example 5.5. Let M™ be an m- dimensional non- stochastically complete 
model manifold. According to Remark \4- 7| M™ is Feller. By an equivalent 
characterization of stochastic completeness (see, e.g., 1 1 1 J . Theorem 6.2) 
there exists a positive bounded function u satisfying Au = Xu. By a ra- 
dialization argument if necessary, we may assume that u is radial, and by 
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scaling, we may also suppose that, given Ro > 0, we have u(Rq) = I, so that 
u solves the problem 



(5.6) 



g> 

u" + (m — 1) — u = Xu, on (Ro, + oo) 
u(R ) = 1. 



Note that by the maximum principle, the subharmonic function u cannot 
tend to zero at infinity. Next, let h(r(x)) be the (rotationally invariant) 
minimal, positive solution of \5. 6\) . Since M™ is Feller, h(r) — > as r — > oo, 
and in particular h ^ u. For any fixed a such that h! (Ro) < a < u' (Ro), 
let v a (t) be the solution of the Cauchy problem 



(5.7) 



v" + (m - 1) — v' = Xv a , on (R , + oo) 
9 

Va (Ro) = 1, V' a (Ro) = «• 



Since v a — h and u — v a are solutions of the Cauchy problem 

w" + (m — 1) —w' = Xw, on (Rq, + oo) 

w (Ro) = 0, w' (Rq) > 0, 

according to Lemma \5.1[ they are both non-constant, increasing, hence pos- 
itive, functions on (Rq,+oo) . This means that h < v a < u on (Ro, + oo). 
Moreover, since by assumption h (t) — > 0, as t — > +oo, then, necessarily, 
v a (t) 7^ 0. It follows that, for every such a, the radial function v a (r (x)) is 
a bounded positive solution of (HO) which does not tend to zero at infinity. 



6. Comparison with model manifolds 

It is by now standard that parabolicity and stochastic completeness of 
a general manifold can be deduced from those of a model manifold via 
curvature comparisons. Such a result was obtained by Grigor'yan, [11]. In 
view of Section [J] we can now extend the use of this comparison technique 
to cover also the Feller property. 

We begin with two comparison results for solutions of the exterior Dirich- 
let problem which, in some sense, can be considered as "Khas'minskii-type 
tests " for the Feller property. By comparison, recall that the original 
Khas'minskii test for parabolicity and stochastic completeness states that 
M is parabolic (resp. stochastically complete) if, for some CC M, there 
exists a superharmonic function u > on M\f2 (resp. a A-superharmonic 
function u > on M\Q) such that u (x) — > +oo as x — > oo. For a proof 
based on maximum principle techniques, we refer the reader to [20], [21j . 

Recall that, by a supersolution of the exterior problem 



(6.1) 



Av = Xv on M\0 
v = 1 on dO,, 
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we mean a function u satisfying 

f An < An on M\Q 
\ u > 1 on <9Q. 

A subsolution is defined similarly by reversing all the inequalities. 

Proposition 6.1. Let $7 be relatively compact open set with smooth bound- 
ary in the Riemannian manifold (M, (,)) and let A > 0. Let u be a positive 
supersolution of h6.1\) and let h be the minimal, positive solution of h6.1\) . 
Then 

h<u, on M\n. 
In particular, if u (x) — > as x — > oo then M is Feller. 

Proof. Let {£l n } be a smooth exhaustion of M and let {h n } be the cor- 
responding sequence of functions defined in Theorem 13.11 with q (x) = A. 
Thus h n — > h the minimal positive solution of f|3.4[) i.e. 

Ah = Xh on M\0 
h = 1 on dQ 
h > on M\n. 

Since h n < u on 9fi n U d£l, by the maximum principle we have 

h n < n on f2 n \0, 
and, letting n — > +oo, we deduce 

h < u, on M\0. 

□ 

As an application we get the following result which was first observed in 

121- 

Corollary 6.2. Let M be non-parabolic with positive Green kernel G(x,y). 
Suppose that, for some (hence any) y € M, G (x, y) — > as x — > oo. Then 
M is Feller. 

Recall that the Green kernel is related to the heat kernel of M by 

r+oo 

(6.2) G(x,y)= / Pt (x,y)dt. 

Jo 

In view of (|6.2p , the assumptions of Corollary 16.21 are satisfied whenever we 
are able to provide a suitable decay estimate on the heat kernel. However, 
heat kernel estimates may be used to obtain sharper results by using directly 
the definition of the Feller property. This will be exemplified in Section [HJ 

In spirit similar to that of Proposition 16.11 in order to deduce that the 
manifold at hand is non-Feller, one can compare with positive subsolutions 
of (|6.ip . Note that in this case, the conclusion holds under the additional 
assumption that the manifold is stochastically complete. 
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Theorem 6.3. Let (M, (,}) be a stochastically complete manifold, and let 
v be a bounded, positive subsolution of \6.1\) in M \ O. Then 



then M is not Feller. 

Proof. For every e > 0, let v e = v — h — e, so that Av e > A(t> — h) > Xv e on 
M\0 and v t = — e on 90. But then = max{0, v e } is bounded and satisfies 
Av~^~ > Av+ on M. The assumption that M is stochastically complete (see, 
e.g. [11], Theorem 6.2, or [19]) forces vf = 0, that is, u < h + e. Letting 
e — > 0+ we deduce that v < h. □ 

In particular, if v is a bounded positive solution of (|3.4p then, by mini- 
mality, v = h and we deduce the uniqueness property noted at the end of 
Section [3l 

Corollary 6.4. Let (M, (, )) be a stochastically complete Riemannian mani- 
fold. Then, for every smooth open set Q. CC M , problem ^3-4ty has a unique, 
bounded solution, namely, the minimal solution h constructed in Theorem 



Clearly, in order to deduce from Theorem 16.31 that M is not Feller, it is 
vital that the bounded subsolution v (x) does not converge to zero at infinity. 
In view of applications, we observe that such condition can be avoided up 
to replacing condition Av > Xv with a suitable (and in some sense more 
restrictive) differential inequality. This is the content of the next 

Corollary 6.5. Let (M, (,)) be a stochastically complete manifold. Assume 
that, for some smooth open set fi CC M, there exists a bounded solution 
u* < u (x) < u* of the differential inequality 

Au> f (n) , on M\0, 

where f (t) is a C 1 function on < t < u* such that 

(a) f(t)>0, (b)f'(t)<\, 

for some A > 0. Then M is not Feller. 

Proof. Let 



h (x) > v(x). 



Ln particular, if 



v (x) 0, as x — ?> oo 



CO 




and define a new function v (x) on M\fl by setting 

v{x)=e HF(u( X ))-F(u*)}, 



Clearly, 



e -\F(u*) <^( x ) < 1; 
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and by direct computations we deduce 

Av > Xv. 

The result now follows from Theorem 16.31 □ 

As we have already noted above, the triviality of bounded positive A- 
subharmonic functions is equivalent to stochastic completeness of the un- 
derlying manifold. As shown by Grigor'yan (see, e.g., [H]), the validity of 
a similar Liouville property when A is replaced by a non-negative function 
is related to parabolicity. 

This suggests that a comparison result similar to Theorem 16.31 holds for 
minimal solutions to the exterior problem ()3. 1|) 

{Ah = q (x) h on M\0 
h = londn 
h > on M\0, 

with q(x) > on M. 

Theorem 6.6. Let (M, (, )) be a parabolic manifold and let h be the minimal 
positive solution of \3.1\) . Assume that, for some smooth open set O CC M , 
and for some A > 0, v is a positive subsolution of \3. 1\) Then 

h (x) > v (x) . 

Clearly, Theorem 16.61 yields a uniqueness result for bounded positive so- 
lutions to the exterior problem ()3.ip companion to Corollary 16.41 

The proof of Theorem 16.61 uses some potential theory for diffusion op- 
erators on weighted manifolds. Given a smooth function w on M, the w- 
Laplacian is defined as the diffusion operator 

A w f = e w div (e- w Vf). 

The corresponding weighted manifold (M, (, } , e~ w dvol) is said to be w- 
parabolic if every bounded above solution of A^u > must be constant. 
As in the usual Riemannian case w = 0, one has that w-parabolicity of a 
geodesically complete manifold (M, (,}) is implied by the volume growth 
condition 

1 - ( u i L 1 (+oo) , 

vol™ (dB r (o)) 

where we have set 

vol w (dB r (o))= [ e- w dU m -\ 

JdB r (o) 

and T-L 171 ^ 1 is the Riemannian (m — l)-dimensional Hausdorff measure. Fur- 
thermore, one can relate the w-parabolicity to the vanishing of a suitable 
(weighted) capacity of compact subsets. More precisely, for any fixed closed 
set C C M, define 

ca Pw (C) = inf { f |Vn| 2 e^vol : u <E C~ (M) s.t. u > 1 on C 
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Then, we have 

Lemma 6.7. The weighted manifold (M, {, ) , e~ w dvol) is w-parabolic if and 
only if, for every compact set K C M, cap w (K) = 0. 

Finally, one has a weighted version of the Ahlfors-type characterization: 

Lemma 6.8. The wighted manifold (M, (, ) , e~ w dvol) is w-parabolic if and 
only if given an open set G C M and a bounded above solution f ofA^f > 
on G it holds 

sup / < sup /. 

G 8G 

We are now ready to give the 

Proof (of Theorem \6. 6\) . Let h be the minimal solution of problem (|3,ip . 
Then, the new function 



satisfies 
with 

Furthermore, having set 



AJ < 0, 



w = — log v 2 . 



sup V = V < +oo, 
M\n 



we have 



< cap w (if) < {v*f cap (K) = 0, 



for every compact set K C M, proving that (M, (, ) , e w dvol) is w-parabolic. 
By the global minimum principle on M\Q we deduce 

/ = ->inf/>l, 

v dn 

as desired. □ 

We now apply Proposition 16.11 and Theorem 16.31 to obtain comparison 
results with model manifolds mentioned at the beginning of the section. 

Theorem 6.9. Let (M, (, )) be a complete, m- dimensional Riemannian man- 
ifold 

(a) Assume that M has a pole o. Suppose that the radial sectional curva- 
ture with respect to o satisfies 

(6.3) M Sec rad <G{r (x)) on M, 

for some smooth even function G : R — » M.. Let g : [0, +oo) — > [0 + oo) be 
the unique solution of the Cauchy problem 

(64) (g" + Gg = 

[ ' 1 5(0) = 0, g'(0) = l. 
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If the m- dimensional model M g has the Feller property then also M is Feller, 
(b) Assume that the radial Ricci curvature of M satisfies 

M Ric (Vr, Vr) >(m — l)G(r (a?)) , 

where r (x) = dist (x, o), for some o £ M, and G : R — > R is a smooth, even 
function. Let g : [0, +00) — > [0, +00) be the unique solution of the problem 

g " + Gg = 
g(0) = 0, g' (0) = 1. 

If the m-dimensional model M g has finite volume and it does not satisfy the 
Feller property then also M is not Feller. 

Proof. Let u be the minimal solution of 

g' 

u + (m — 1) — u = Xu on [1, +00) 
9 

u(l) = l 

u (r) > on [1, +cxo). 

By Corollary 14.31 u (r) — > as r — ?■ +00. In particular, according to Lemma 
Ell v! < on [l,+oo). 

Consider now the radial smooth function v (x) = u(r (x)) on M\B\ (o). 
Note that 

(6.6) Av = u" + u'Ar. 

Since u' < and, by Hessian comparison, 



(6.5) 



(6.7) 

we deduce 
(6.8) 

Summarizing, 



Ar > (m — 1) — , 
9 



Av < u" + (m — 1) —it' = Am„u = Xu = Xv. 
9 



(6.9) 



' < on M\jBi (o) 
v = 1 on (o) 
oOon M\Si (o) 
lim r(a;) ^ +00 u (x) = 0. 

To conclude, we apply the comparison principle stated in Proposition 16. II 
above. 

(b) By assumption, g m ~ x € L 1 (+00) so that l/g 771 ^ 1 ^ L 1 (+00). Since 
M g is not Feller, by Theorem 14.41 we must have 

C°°g m - X (t)dt 



9 



m—l 



(r) 



G L 1 (+00) 



Define 



q; (r) 



-00 r+°° g ™-u t \ dt 

- — w ; <fe. 
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A direct computation shows that 

Mg Aa = 1. 

Now consider 

v (x) = a (r (x)) on M\B\. 

Clearly, v is a positive bounded function. Since a' < 0, by Laplacian com- 
parison we have 

At; > I. 

On the other hand, by the Bishop volume comparison theorem it holds 

vol (M) < vol (M g ) < +oo. 

In particular M is parabolic. Applying Corollary 16.51 with the choice / (t) = 
1 we conclude that M is not Feller. □ 



7. Feller property on manifolds with many ends 

It is a trivial consequence of Theorem 13.21 that Riemannian manifolds 
which are isometric outside a compact set have the same behavior with 
respect to the Feller property. The choice of a smooth compact set in 
the complete manifold (M, (, )) gives rise to a finite number of unbounded 
connected components, say Ex, —,E^. They are called the ends of M with 
respect to fi. Thus, the minimal solution h of (13. 4p restricts to the minimal 
solution hj of the same Dirichlet problem on Ej with respect to the compact 
boundary dEj. Furthermore, h tends to zero at infinity in M if and only if 
each function hj (x) — >• as Ej 3 x — >• oo. 

This situation suggests to localize the definition of the Feller property to a 
given end by saying that E is Feller if, for some A > 0, the minimal solution 
g : E — y (0, 1] of the Dirichlet problem 

f Ag = Xg on int (E) 
\ g = 1 on dE, 

satisfies g (x) — > as x — > oo. The usual exhausting procedure shows that g 
actually exists. 

Now, let Ex,:.,Ek be the ends of M with respect to the compact set fL 
Then, we can enlarge slightly 11 to a new compact Q' which encloses a small 
collar neighborhood Wj of each dEj C Ej. Since the validity of the Feller 
property on M is not sensitive of the chosen compact, we deduce that M 
is Feller if and only if each E'- = Ej\Wj is Feller. This implies that, in 
case we have isometries fj : dEj — > dDj onto the boundaries of compact 
Riemannian manifolds (Dj, {,) D ), then M is Feller if and only if so is each 
Riemannian gluing (without boundary) EjUf Dj. Recall that, by definition, 
Ej U/. Dj has the original metrics outside a small bicollar neighborhood of 
the glued boundaries. Along the same lines we can easily obtain that M is 
Feller if and only if the Riemannian double T> (Ej ) of each end Ej has the 
same property. We have thus obtained the following 



20 



STEFANO PIGOLA AND ALBERTO G. SETTI 



Proposition 7.1. Let (M, (,}) be a complete Riemanian manifold and let 
E\,...,E}. be the ends of M with respect to the smooth compact domain il. 
Then, the following are equivalent: 

(1) M is Feller 

(2) Each end Ej has the Feller property. 

(3) Each end with a cap Ej Uf, Dj (if possible) has the Feller property. 

(4) The double T> (Ej) of each end has the Feller property. 

Using this observation, one can easily construct new Feller or non-Feller 
manifolds from old ones by adding suitable ends. For instance, consider the 
equidimensional, complete Riemannian manifolds M and N and form their 
connected sum M#N. This latter is Feller if and only if both M and N has 
the Feller property. 

In the special case of warped products with rotational symmetry, combin- 
ing Theorem 14.41 with Proposition 17. 1\ we are able to obtain the following 
characterization. 

Example 7.2. Consider the warped product of the form 

R Xf S™- 1 = (Rx S ro_1 , dr 2 + / (r) 2 d9 2 ^j 

where f (r) > is a smooth function on R. This is a complete manifold 
(without boundary) with two ends. Let E\ = (l,+oo) x f S" 1 " 1 and E 2 = 
(— oo, 1) x j§ m_1 be the ends o/Rx jS m_1 with respect to the compact domain 
ft = [—1,1] x § m . Using the closed unit disc B m as a cap, starting from 
E\ and E 2 we can construct complete manifolds without boundary each 
isometric to a model manifold. Precisely, E\ gives rise to 

E gi = ([0, +oo) x S m -\ dr 2 + 9l (r) 2 dd 2 ^ 

where g\ : [0, +oo) — >• [0, +oo) satisfies g\ (r) = r if < r < 1 — e and 

91 ( r ) = / ( r ) if r > 1 + e. Similarly, 

E g2 = ([0, +oo) x 8 m -\ dr 2 + g 2 (r) 2 dfl 2 ) 

where g 2 ■ [0, +oo) — > [0, +oo) satisfies g 2 (r) = r if < r < 1 — e and 

92 (r) = f (—r) if r > 1 + e. By Proposition \ 7.1\ R x j S m_1 is Feller if 
and only if both E gi and E g2 are Feller. Since, according to Theorem \4-4\ 
the Feller property on model manifolds is completely characterized by the 
asymptotic behavior of the warping functions, we obtain the next 

Corollary 7.3. The warped product R x f S m_1 has the Feller property if 
and only if both g(t) = f (t) , t » 1, and g(t) = f (— t), t « 1, satisfy 
either of the conditions fr4.6\ ) or fij. 7\ ) of Theorem \4-4\ 

Application of this result will be given in Section [9l 
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8. ISOPERIMETRY AND THE FELLER PROPERTY 



Using a general result by A. Grigor'yan, [10J, we are going to show that a 
Riemannian manifold is Feller provided it satisfies a suitable isoperimetric 
inequality. As a consequence we will deduce that minimal submanifolds 
in Cartan-Hadamard manifolds (i.e., complete, simply connected manifolds 
with non-positive sectional curvature), and in particular Cartan-Hadamard 
manifolds themselves, are Feller. The latter result was proved by Azencott, 
[2], using different methods based on comparison arguments. Actually, in 
Section [6] above we developed comparison techniques which allowed us to 
prove the validity of the Feller property for manifolds with a pole which are 
not necessarily Cartan-Hadamard. 

If O, is a bounded domain with smooth boundary, we denote by Ai(O) the 
smallest Dirichlet eigenvalue of — A in 0. Note that by domain monotonicity 
Ai(f2) is a decreasing function of 0, and since a Riemannian manifold is 
locally Euclidean, Xi(B r (x )) ~ c^v as t — y 0. 

Theorem 8.1. Let (M, (,)) be a complete manifold satisfying the Faber- 
Krahn isoperimetric inequality 

(8.1) Ai(fi) > A(volfi), 

for every bounded domain £1 CC M , where A is a positive decreasing function 
such that l/(sA(s)) € L 1 (0+). Let V(t) be the function defined by the 
formula 

r v ® ds 

(8.2) t= / ~^ds, 



Jo aA(a) 

and assume that there exists T € (0, +oo] such that 

(8.3) V(t) * S ^ oun ^ e< ^ f or t ^ and non- decreasing for t > T. 

Then M is Feller. 

Proof. Indeed, it follows from [10] Theorem 5.1 that the heat kernel pt(x,y) 
of M satisfies the Gaussian estimate 

/ „ C ( d(x,y) 2 

(8-4) Pt (x,y) < — — exp' 



V(ct) " V Dt 

for some constants C, c > and D > 4, and where V{t) is the function 



defined in (18.2p . A straightforward application of the dominated convergence 
theorem shows that for every continuous function of compact support and 
for every t > 0, 



Ptu(x) = / pt(x,y)u(y) dvol(y) — > as x —¥ oo, 
J M 

and therefore M is Feller. □ 
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It follows from Cheeger's inequality, see [10J Proposition 2.4, that if the 
isoperimetric inequality 

vol (dfi) > s(vol(n)) 



is valid for some g such that g(s)/s is non-increasing, then (|8.ip holds with 
equality of the type 



2 

= i (^T^J • Thus, for instance, if M supports an isoperimetric in- 



(8.5) vol(0fi) > C (volO) 1_1/p 

for some p > m, then (|8.ip holds with A(s) = Cs~ 2 l' p and the associated 
function V(t) = Ct p l 2 satisfies condition (|8.4|) . Note that (|8.5p is equivalent 
to the validity of the L 1 -Sobolev inequality 

(8.6) \\Vu\\ L i > S 1iP \\u\\ l _^, Vu G C l c (M). 

On the other hand, it is know from work of G. Carron, [5], that the Faber- 
Krahn inequality 

Ai(O) > C(vom)- 2 / p , p>m,p^2, 
is equivalent to the L 2 -Sobolev inequality 

(8.7) llVulUa > S 2p \\u\\ 2 P , Vn E Cl(M). 

From these considerations we obtain the following 

Corollary 8.2. Let M be isometrically immersed into a Cartan-Hadamard 
manifold. If its mean curvature vector field H satisfies 

H#llL m (Af) < +00, 

then M is Feller. In particular, 

(a) Every Cartan-Hadamard manifold is Feller. 

(b) Every complete, minimal submanifold in a Cartan-Hadamard man- 
ifold is Feller. 



Proof. Indeed, according to [15] . there exists a constant c m depending only 
on m such that, for every bounded domain C 1 function with compact sup- 
port 

C \ (m-l)/m j- 

/ Iwp/^Wol <c m [\Vu\ + \H\\u\]dvol. 

Since \H\ € L m (M), there exists a compact set K such that 

\ l/m 



\H\ m dwo\ 1 . ' 



M\K 



2c ' 
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and applying Holder inequality to the second summand on the RHS, we 
deduce that the standard L 1 isoperimetric inequality 
ft \ {m-T)/m [■ 

(8.8) / \u\ m ^ m -^dvol) <2c m \Vu\dvol 
\Jm J Jm 

holds for every C 1 function u with compact support in M \ K. A variation 
of a result of Carron, [1] (see [22] . Theorem 13) implies that the L 1 -Sobolev 
inequality (j8.8|) holds, possibly with a larger constant, for every compactly 
supported function on M. By the arguments preceding the statement of the 
corollary M is Feller. □ 

Remark 8.3. We note, in particular, that if M is isometrically immersed 
in a Cartan-Hadamard manifold and its mean curvature is in L m then M 
has infinite volume. 

We also observe that the same arguments show that if the L 2 -isoperimetric 
inequality {8. 7| ) holds off a compact set then it holds everywhere and M is 
Feller. 

Finally, the above arguments show that, if m > 3, then a minimal sub- 
manifold in a Cartan-Hadamard space is non-parabolic, and its Green kernel 
decays at infinity. Of course this fails in dimension two, as the example of 
M. 2 shows. 

We end this section by noting that one of the most important category of 
minimal surfaces is represented by those properly immersed in the ambient 
space. Recall that a map between topological spaces is proper if the pre- 
image of a compact set is compact. Thus, intrinsically divergent sequences 
cannot accumulate at a finite point in the ambient space. In case / : M — > N 
is a proper, minimal immersion of the complete m-dimensional manifold M 
into the Cartan-Hadamard manifold N, the validity of the Feller property 
can be also obtained using direct heat kernel comparisons. More precisely, 
we can use the following result, [6], [18] . 

Theorem 8.4. Let f : M — > N be an m-dimensional, complete, minimally 
immersed submanifold of the n-dimensional Cartan-Hadamard manifold N. 
Let D be a compact domain in M with Dirichlet heat kernel pf 3 . For any 
fixed x E D, let B# (0) be the ball in W" 1 of radius 

R = maxd N (f (x) , f (y)) , 

y€D 

and let pf R ^ (u, v) be the corresponding Dirichlet heat kernel. Recalling 

that pf R (0, v) = pf R ^ (\v\) depends only on \v\, then for every t > and 
for every y E D, 

p? (*,y)<pf* (0) (d N (f(x),f(y))). 

Now, let x,y E M and let {D n } be a smooth exhaustion of M satisfying 
x, y E Dq. Then, by Theorem 18.41 and by the parabolic comparison principle 

(8.9) (x,y) <pf R ^ 0) ((d N (f(x),f(y)))) < P f m ((d N (f(x),f(y)))) , 
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for every t > 0. On the other hand, 

pf n (x, y) — > pf 1 (x, y) , as n — > +00. 
Therefore, taking limits in (|8.9p we obtain that, for every x, y £ M and for 



every t > 0, 

(8.10) pf(x,y)< P r((^(/(x),/(y)))). 
It follows that, for any i? > 0, 

(8.H) 0</ pf(x,y)dy<[ p* m ((d N (f(x), f(y)))) dy. 

Jb r Jb r 

Since, by assumption, / is proper we have that / (x) — > 00 as x — > 00. 
Whence, taking limits in (|8.1ip and using the dominated convergence theo- 
rem on the RHS we conclude 



lim / pf (x, y) dy = 0. 



'Br 

According to Corollary 12. 3\ this proves that M is Feller. 

9. Feller property and covering spaces 
In this section we address the following 

Problem 9.1. Suppose we are given a Riemannian covering tt : (M, (, )) — > 

(M, (,)). Is there any relation between the validity of the Feller property on 
the covering space M and on the base manifold M ? 

By comparison, recall that M is stochastically complete if and only if so 
is M. Passing from the covering to the base is easy via the use of bounded, 
A-subharmonic functions. The converse seems to be non-trivial. A proof 
using stochastic differential equations can be found in the book by D. El- 
worthy, [9], but it would be nice to have a deterministic proof of this fact. 
Intuitively, Elworthy proof relies on the fact that (similarly to what hap- 
pens for geodesies) Brownian paths in M lift to Brownian paths in M and, 
conversely, Brownian paths in M project to Brownian paths in M. 

As for parabolicity, the situation is quite different. Using subharmonic 
functions it is easy to see that if the covering manifold M is parabolic then 
the base manifold M is also parabolic. In general, the converse is not true, as 
shown e.g. by the twice punctured complex plane. This latter is a parabolic 
manifold which is universally covered by the (non-parabolic) Poincare disk. 

Let us now consider the Feller property. To begin with, consider the 
easiest case of coverings with a finite number of sheets. As expected, we 
have the following 

Proposition 9.2. Let ir : (M, (,)) — > (M, (,)) be a k-fold Riemannian 
covering, k < +00. Then, M is Feller if and only if M is Feller. 
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Proof. Let tt CC M be fixed and set = vr" 1 (0) CCM. Let A > be a 
chosen number. We are going to show that the minimal, positive A-harmonic 
function h on M\Q with boundary data h\g^ = 1 is related to the minimal, 

positive A-harmonic function h on M\Q with boundary data h 



„ = 1 by 

an 



(9.1) h = ho7T. 



Indeed, let £l n /Mbea compact exhaustion and, for each n, let h n be the 
solution of the Dirichlet problem 

Ah n = Xh n on f2 n \0 
h n = 1 on dVt 
h n = on 9f2 n . 

Then, Q„ = tt" 1 (O n ) M is a compact exhaustion and, since ir is a local 
isometry, 

h n = h n on 

solves the analogous Dirichlet problem on fi n \Q. The desired relation be- 
tween h and h follows by letting n — > +oo. 

Now, suppose M is Feller. We show that M must be Feller, i.e., for every 
e > there exists a compact set K C M such that, for every x G M\K, 
h (x) < e. Let e > be fixed. Then, by assumption, there is a compact 
K C M such that ft (x) < e for every a? G M\^. Define if = it[K) C Af 
and the further compact subset K\ = 7r _1 (X) C M. Clearly, K C .fCi so 
that h(x) < e whenever x G M\K\. It follows from ()9.ip that, for every 
x G M\K, h (x) = h (x) < £, where x G ir^ 1 (x) is chosen arbitrarily. 

Assume now that M is Feller. We show that M is Feller. To this end, 
having fixed e > 0, let K C M be a large compact set such that /i (x) < £ 
for every x G M\K. Let us consider the compact set if = 7r _1 (if) C M. 
If x G M\K then x = 7r (a?) G M\K and, according to (|9.ip we deduce 
h(x) = h (x) < £, completing the proof. □ 

Observe that there are two key points in the above proof: 

(A) a fc-fold covering map is proper; 

(B) for a fc-fold covering, conditions x — > oo and x = tt (x) — > oo are 
essentially the same. 

Obviously, the situation changes drastically if we consider an oo-fold Rie- 
mannian covering 7r : M — >■ M. Violating (A) yields that the Feller property 
does not descend on the base manifold. In the next example we show that 

M Feller ^ M Feller. 



Example 9.3. Consider the 2- dimensional warped product M = R x t S 1 
where f (t) = e* 3 . According to Corollary \7.3[ we can use Example \4-8\ to 



26 STEFANO PIGOLA AND ALBERTO G. SETTI 

deduce that M is not Feller. Note that the Gaussian curvature of M is given 
by 

K M ) = -£|><0. 

Therefore the universal covering M is Cartan-Hadamard, hence Feller by 
Theorem \6A 



By contrast, the reverse implication 

M is Feller =>M is Feller 

holds, and it is the content of the main theorem of this section. 

It is not obvious how to achieve the proof using the elliptic point of view, 
so we adopt the heat kernel point of view. We begin with a simple lemma 
that will be used in the proof. Recall that since manifolds are second count- 
able, 7Tx(M) is necessarily countable. Moreover the compact open topology 
induced by its action on M coincides with the discrete topology. To say 
that the sequence 7^ — > 00 in the compact open topology means that 7^ is 
eventually in the complement of any finite set. 

Lemma 9.4. Let B be a ball in M . Then for every x £ M and every 
sequence {7^} — > 00 in tti(M) 



(9.2) lim / p t (i k x,y)dy = 0. 

k Jb 

Proof. Assume first that B = B r (z) is contained in a fundamental domain, 
so that 7r : B r (z) —> B r (ir(z)) is an isometry and 

7r _1 (B r (7r(?)) = U 1&l(M) 7B r (z) 
is a disjoint union. It follows that for every x 

E 

767ri(Af) 



p t (x,y)dy< lp t (x,y)dy < 1. 

■yB r (z) JM 



In particular, 



and therefore 



/ p t {x, y)dy -> as 7 -> 00, 



I _ Pt(x, y)dy — > as k — >• 00. 

On the other hand, since tt\{M) acts isometrically on M, for every 7, 
Pt(x, 7 _1 y) solves the heat equation and converges to <5 7 j as t — > 0+, so, 
by minimality, 

Pt(jx,y) =p t (x,^ 1 y). 
This, together with a change of variables gives 



Pt{lkX,y)dy = p t (x,~i k l y)dy = / ^ p t {x,y)dy. 

B r (z) JB r (z) J^Brlz) 
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and (19. 2\\ is proved in this case. The case where B is not contained in a 
fundamental domain is dealt with using a standard covering argument. □ 

Theorem 9.5. If M is Feller then so is M. 

Proof. We need to show that if B Q is a ball is M, then, for every sequence 
Xk — > oo in M, 

/ Pt{xk, y)dy as k -> oo. 

Fix e > 0. According to a result of M. Bordoni, [3], for every < (p E C c (M), 
we have 



(9.3) lp t (x,y)((poir(y))dy< / p t (tt (x) ,y) <p (y) dy 

JM JM 

(and equality holds if M, or equivalently M, is stochastically complete), so, 
if ip is a cut-off function such that tt{B ) C {(p = 1}, 



Pt(x,y)dy< / p t (tt (x) , y) ip (y) dy. 

Since M is Feller, there exists a ball D C M such that, if ir(xk) & D then 
the integral on the right hand side is less than e, and therefore 

p t (x k ,y)dy < e. 

Bo 

Next let B be a ball in M such that ir(B) D Z), so that ir~ l {D) C U 7e7ri ( M )7i?. 

Without loss of generality, we may therefore assume that Tr(x~k) £ -D for 
every fe, so that there exist % £ B and a sequence G tti(M) such that 
2fc = 7fc2fc- Since — >• oo in M, 7^ — > 00 in 7ri(M). Moreover, since 7^ is 
an isometry of M, 

(z,t) -> / p t (^ k z,y)dy 

J Bo 

is a solution of the heat equation on M, by the parabolic mean value in- 
equality (see, e.g., [M]), there exists a constant C(B,t) depending only on 
the geometry of IB and t such that, for every Zk € B 

Pt{lkZk,y)dy < C(B,t) I ds dz' p s {lkz' ,y)dy, 



I B Jt/2 J2B JBo 

and the right hand side tends to zero as k — > 00 by Lemma 19.41 and the 
dominated convergence theorem. □ 

We remark that the proof actually shows that if Xk — > 00 but 7r(x~k) is 
contained in a compact set for every k then 



/ PtilA, y)dy -4 as k -> 00 

JBo 



'Bo 

without having to assume that M be Feller. 
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We also note that the proof of Proposition 2.4 in [3] can be easily adapted 
to show that (|9.3p always holds with equality in the case of /c-fold coverings. 
This could be used to give an alternative proof of Proposition 19.21 

10. ON THE CURVATURE CONDITION BY E. HSU AND SOME REMARKS ON 

THE ROLE OF VOLUMES 

As we mentioned in the Introduction, a complete Riemannian manifold is 
Feller provided a suitable control from below on its Ricci tensor is assumed. 
In this direction, the best known result in the literature is the following 
theorem by Hsu, [13], [2], which extends previous work by Yau, Dodziuk 
and Li-Karp. 

Theorem 10.1. Let (M, (,)) be a complete, non compact Riemannian man- 
ifold of dimension dimM = m. Assume that 

(10.1) M Ric > - (m - 1) G 2 (r (x)) , 

where r (x) = dist (x, o) is the distance function from a fixed reference point 
o € M and G is a positive, increasing function on [0, +oo) satisfying 

(10.2) 1 i L 1 (+oo) . 
Then M is Feller. 

Remark 10.2. Unlike a similar result for the validity of the stochastic com- 
pleteness, this theorem is not a comparison-type theorem. As indicated in 
Section^ curvature comparisons should go exactly in the opposite direction 
(the same direction of heat kernel comparisons). Hsu theorem, like its "pre- 
decessors", is a genuine estimating result. The proof supplied by Hsu is very 
probabilistic in nature. To the best of our knowledge there is no determin- 
istic proof (neither for general manifolds nor for the easiest case of models) 
and we feel its discovery would be very interesting. 

According to Theorem llO.il M is Feller provided its Ricci curvature does 
not decay to — oo too much quickly. To fix ideas one may think of G (t) as the 
function tTFj =1 log^ (t), where log^ (t) denotes the j-th iterated logarithm 
and n € N is arbitrarily large. Using the results of Section U] we are able to 
prove that such curvature condition is, in some sense, sharp. 

Example 10.3. Let G : R — > R be a smooth, increasing function satisfying 
(10.3) 

G' (r) 1 
(a) G{r) > 0, (b) limsup — \f = a < +oo, (c) —— <E L l (+oo) . 
r^+oo G (r) (-j [r) 

Fix (5 > a and let g (t) : R — > R be any smooth, positive, odd function such 
that g' (0) = 1 and g (r) = exp (— /3 G (t) dt) for r > 10. Let us consider 
the m- dimensional model manifold M™ with warping function g. Direct 
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computations show that the radial sectional curvature of M™ satisfies 



(10.4) K rad (r) = <-fj(p-a)G (r) a , r » 1. 
We claim the validity of the following conditions 

r+oo /,\m— 1 r. 

(10.5) (a) g (r)™- 1 € L 1 (+oo) , (b) Jr 9 { > e L 1 (+oo) . 

gyr) 

Indeed, since G is positive and increasing, 

g (r)™' 1 < exp (- (m - 1) /3G (0) r) , r » 1, 
i/ius proving M0.5\) (a). On the other hand, note that, for r >> 1, 

/+oo r+oo / rr \ 

5 (t)™" 1 < y G (t) exp (-(rn-i)pj G (t) dtj 

= I -2__exp(-( m -l) /3 ^G(t ) dt), 

so t/iaf 

/•+oo 

Therefore, de I'Hospital rule applies and gives 

G(r)j^g{tr~Ut G' (r) f r + °° g it)™- 1 dt - G (r) g (r)™- 1 
lim sup ■ ——. : < lim sup 1 — — * 

, r / \tn-l — , r . i \ / \in—2 i t \ 

r-7-+oo g (r) r^+oo (m — 1) g (r) g y [r) 

-G{r)g{r) m ~ l 

< hm sup ^2 

r^+oo (m - 1) g (r) (r) 

1 

~ f3(m- 1) 

which implies 

C°°g{t) m - l dt 1 1 

g^ 1 - P(m-l)G(r) eL ' 

TTiis shows the validity of Iil0.5\) (b). 

Now, condition \10. 5\) (a) implies l/g" 1 ^ 1 ^ L 1 (+oo). Therefore, from 
\10. 5\) (b) and applying Theorem \4-4\ we conclude that M™ is not Feller. 

According to Theorem 110. 1[ and in view of the above example, the search 
of more general (or even new) conditions ensuring the validity of the Feller 
property should not involve pointwise curvature lower bounds. For instance, 
variations on the theme could be obtained using integral curvature bounds. 
More importantly, one is naturally led to ask whether a solely volume growth 
condition suffices. In this respect, we quote the following intriguing question 
addressed by Li and Karp, [17] . 
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Problem 10.4. Let (M, (,)) be a complete Riemannian manifold. Assume 
that, for some reference origin o £ M, 

(10.6) vol(B R+1 (o)\B R (o))>e- AR \ 

for every R » 1 and for some constant A > 0. Does M satisfy the Feller 
property ? 

Actually, as a consequence of Corollary 17.31 it seems that the volume 
growth (decay) of a general complete manifold is not so tightly related to 
the validity of the Feller property. Indeed, one can always take M. x f § m_1 
and prescribe the asymptotic behavior of / (t) at — oo and +oo in such a 
way that the volume growth is slow (even finite) or fast but at least one of 
the ends is not Feller. This suggests that possible conditions on volumes, 
such as those specified in Problem 110.41 should be localized on each of the 
ends of the manifold. 

Problem 10.5. Let (M, (,)) be a complete Riemannian manifold which is 
connected at infinity and satisfies \10. 6\) . Is M Feller? 

To the best of our knowledge, only specific examples are used to conjecture 
a positive answer to this question, [IT]. For instance, it is reasonable to 
approach the problem by first assuming that M has only one end which is 
a cylindrical end, namely E = (0, +oo) x f S for some compact manifold S. 
However, so far, even in the easiest case S = S m_1 it is unknown whether 
condition (110. 6p implies the validity of the Feller property. 
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